
CIMPA Course O :

Introduction tdcontmùous optimization
D-art 1 : theoretical background (monday 14.30 → 16:00 local)time
Includes :{main definitions and vocabulary

"
C-6h in France)

ophmality conditions
Part 2 : numerical backgroung ( Tuesday , 14.00→15.30)
Excludes { main des centalgorithmesexample of numerical implementation
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|-IÏÏ1.1
. Some exemplesof ln

optimization problemes v

& Objective : mmimzethecan
Egk : Minimize

the function surface with afixed volume
IRZ- IRf :(Cary>↳ 100 (y-xJY-lx-UJXoriablesihan.br linon

( Rosenbrock function ) * Function : flash) -11772Frtu
*
Contraints : KF8 IV.
re r. Doand { ho
, ho >°



1.2 . Définitions Y

1.2.1 . Optimization problem ç : IR
"

→À quality contraints{CI : R"_pikmeqvalitj contraints )
Min floc) (E) where : Some questions :
✗ C-R

→ Existence
,@niqvenessof

f :(
rcirnj-Ejmbor.frarables)
-

x,_ fax) and solutions of (Po) (local orglobal )
R = } -CEIRY ↳ (a) =☐ and → Approximation of solutions

of ( Io ) convergence prof .Cela] EO }
_→•

Robustness of the solutionLfc :c} orca )
"

→ (Maxfl» ) ) = Mint - flow)
xæ acer



1.2.2 Feasiblesetand solutions
* aiesisaglofabmin.im#*Def:xc-RnisafeasiGle
offensif :

solution ofproblem (B) ifx ER .

Kxer
, f69) « floc )

"""" [ "" """""""tt÷:¥¥ü:ond if there exists E >Osuch that :cI¥sËV-xe-RNBlx%ff.ca?Eflx)JfeasibZglobal
solution

⇐ « o
→

. ÷÷¥ÏËZineqvality contraints local
mmiinizer



1.2.3 Différentiabilité ✗* Partial dérivative :

* f- :*
"

-Iris différentiable _
d-xepiifthereeaistsalenearg.fi/oj=hnifkt-E-hhi'-fbUforme Dcx) :/pînslrsuohthat: e-o

E

V-h-CIRIf.la/-h)--fbDtDfbolh)tdllhNwherehi--Cq-- 1,0, - - O)
linea- approximation

.

✓

xfis-Cifandonlyiffhasmtinvousoffatxbnfradieg.bydefinition : partial deriratives.IN this case :

Dftxth)=Mfkfh >
- 0f# = (o¥

#

gradient off ;
(Ern ) ¥.su )



xfistm.eu differentiableat y
⇐ IR

" if there existe Mf60 : IR
"

_lpiflriear
such that the R

"

,

flxtht-fbitofl.ph > t'{< h, Hflxl . h>+DINHquaohatiepartoffa.tl
* Hf (a) is the Hessian of fatou .

when fisc}" g¥H?¥à
Mf60 = (¥ç '

'

.( Hessian matrix )
off ""

⇐ §:#g)
Î¥Ü



1.2.4
.

Level lines flapi,# (x, -D' +4f%
.kz

§
☐f- (a)c-À

ff44>o)↳={xe☒YfËl}Ê) •ü→#( ler )

K Particular case , n=2
"ÏEWZ

- ⇒
Ryk : atroce IR

"

, if
fisc', 0f60 is orthogonal

⇒

J '

lxyxzflxpizatx
,
tothe level line L

.

( exercice ) f"'
""}
→ xz



1.2.5
. Convexity Def .

Letshaunvexset . Tt
f. r-Risunvexlrop.stnictlydi.lyD¥rcRnisaonvexsetif :

V-kig-RYV-tc-qqttqyk-YV-teqifCV-tcjqkd.at
G-Hyer fetxi.cn EXFGOHI-Nfg )

( s )

±
. :# a ⇐⇒ Ü»¥;÷.;toh ndinr (nonunve✗^x→#*g-*→ *.r



*Iff is différentiable , 18
""""" "" ""¥

" """""""

f- (g) Ifla) # < oftxjy.az#-:x-CRYf:Rn-1Rd-cIRYoJisadesantdirection
*T-ffistwi.ee différentiable , 0ff atocif :

f- Cemex <=> V-xc-IRYV-qe.ru
JE>ON-sc-Jqifftxtsdt.fi. )

Lfb) nota disant<x
,Hlflbo>to descentçd÷÷Ë( Hessian off is positive

,

semi - definite
matrix )

the function is !
bcaltydeenasm.gg
atx
,
>n' direction du



""" """""" " "

[
""""" """" ☒descent direction offatxepî then s-ot, < Tftxfd > EO

< d) 0f60
.

>£ °

*Remarkmjiffisct,P-Y : Taylor approximation of
arder I atx :(and atdirection d) ✗ c- R- andPf#¥-0, then

D= -8f60 is a descentdirection

flxtsdt-flxdtllfbijsdoffatx.to/s)Ccd,tfcxo > = - 110ftant
↳→o) < §

flxtsd ) - fbi )
, floyd >

es + oct)Èsmalt s -o



1.3 Gphmality conditions = > < qqn> d-
"
*
+EN-7k¥↳+0lb)
f0 E-O

1.3.1 .

Theuncenstraèned case when E is small

By passing to Ahe limite→ot )
TheæmlëletfeÛURYIR . <☐flûte> 70 .Byrepealingwitk-NATEalocalminimijeroff.insteadofh, 27f67,- h> f0 =>
Then :

Qftxjh-OV-hc-knandvflxI-oyvfbo-OD-r.fiTaylor approximation
Remar-kiitisonlyan-eussarycendih.cn :

Folder Bee : n=7fH⇒É¥flx7-Eht-fbdtvfb.IN
Mp

1-OLE ) (otherexample : ftsçy ) =xyatiqo) )>0 EIR
"

E-O



The necessary condition becomes sufficient Then : 8f65)=O andy
inthecaseofaconvexfunotion.info#ispositNesemi.- definite :

thePi
,
< ftp.GO.tyh> 10

fixé
" #matinH%Ef.g.gg#-mni-m-i&p-rog~:Tagbruekr2 :

La
-} fbittd) > fbi)t¥td)

îî
>oepi

+ Et"EÆEI toit)tro
Remarks

. 1ff iscariot convex ,
Theorem 2 : letfc? RJR ~
ândxàèocalminimizeroff .

the
necessary condition beneficient.



Theorem3-iletfct.RLRDraoticallytoseekbcalm.in#uanÊÉsuoh that : effet:Â→R :

→ 0f60 -0
→ tkfkxtispositivedefim.tw#frisYsearohforcritical points .Lofts) #⑧

Thenpctisalocalminimizeroff.20-thoyforanyurih.cat point :
fyf : ( sufficient condition ) (positive definite
(exercice ) Letdelrh? mon / ifthetkssianisso

:

flx-ttcfi-fbo.tk#dot%ccfH1fbo9oD-iftheHessian is natto :

touk) N
⇒ fbctttoU-ft.io > o ↳o ↳ elseilœalstudyoff .

f2 Ctsmall )

f-bixtd) >fcxictsnal )
* iffisconvex , point① isenougfu

G) their}}%< Hy.ro?y.h,h>☒Otiffisnnlnyéicœraiütycanhdpmm - r -



Déf : f :R
"

-112 ïscœrùveïf Drœf : ( exercice) 43~ ~

+ him f- (a) =+0 Indication : restrict toaanpact
→ + • JAtoosetcnhereaontinvcvsfucndieuglobal achieve its minimal and maximal
lfcoolttÏÏËERÏVÏÏ#www.t#--K-JA..aBycoercivihjj7M0Osoohthat

Proposition : if f- is continuous andv-xo-IRYlbdIEM-ftalflfiodtttcoercireythenithasatlea-s.tw•On BCqmff.is continuous anal

glcTalminimouon.IR? adieveslatleastalaalminimigeratxtxxtisagl.ba/mimmzercn IR
"

:

→ LYXEIIÎBLQM ) )
f- txt) 1- fco] Elliott} « ft)



""" ""
""

* ftxyo-10dy-xytlx-zqkon-tieae-pointsitflx.PH_→⇐ÇÎËÉYËz=o
(exercice ; criticalpa.no?lecal?global?)*AHqo):Hflqo--(o2o)s0-

Enfuies : * Itisnotammimaas :
f-Cout = -%-7%0

☐ftsyy-oc-Y-400x.ly-0%+21×-0--0 fer, a) = 1-2>0--7%0)

⇒{x-p
20015×7=0 *ftp.W-xp?txzYy--3.onlyoneoriticalpoint

•cnn.cat#ntsaxP--olfrAtCx,y)--lft)
) ☐ftxyxz -_0<=74043--0 xi=xz=OHfÊË%o %) >>° • Akao) : Mf190 -1%1>-0

⇒ (y» iswccocalminimwaitiswglo.ba/mmimaasftxpDto--fGD
•Anlsçuflxyoandooiffxy-1



¥3.2
.

The construirait caser
foranyxc-lpfte.IR!µÂ

f. r -IR where : Theorem 4 : hetf :b- IR
r=}xeRY cela > EO } FER . Assume that

%Etx=0
q conditions µ pguauqiàie

- 2%6%7=4*3} isasetof
pcenditiensomvnaihndependantveetorgofpi.aind-Def-inih.cn: the Lagrangienthatx-wimmizeroffof~fitde-f-ine.deas : on I. Then

,
there exists

LKghpt-fbdk-cfzbftqyq-p.pt#RPandpieR9such that :

p-CIRP-CIR92ticq.CN#---I



* Ella;*pin) = D= ?fbi +21K£
> type,

* CE Cat] = 0 feasibility
& CI Cat) E O

* µ
" f0 L'µ?sotie }y . - q} )(
µ
"

@cité] =0(ifcdxikqtheny.IO#-cemplementaryslackness

ThesystemiscalledthK@Tnecessaryconditionorforder1.t"

andÀ arecollet the Lagrange multipliera .u U ~

.



a-rkqnfiE.fi?!efkkkTanditi#e--2anECexdjrdedl / ICI
,
-0 #

Cdeoreasirig)
"

KIztxDqdvdeddfeasible-tfbidff-y.myset

II. bi ) mnoinnijmumeff



someexera.us#WriteandsoCvethekkTsystem 48
→MTnimixcanfunctiew-WMoreoverfiscoerra.ve :

fcyht-2.IR?t2lTrL . hm flash ) - to
Herbin → 0onr-pcrrhk-YR.ie/lTrhBVo} (rrh )El

*hlyht-25r72nrhtHVo-IFNAsrisdesedsubset.FR")
KKT: andfiscoeri.ve , itihasw global4Fr72IL -25×4=0

{2Fr - titre = 0 minimaond
.

As this minima
✗ Io, rah -Vo) -1=0
r>oh >0salisfiesthekk-systemjtisthe-qzs-r-2.IT> 0

, previous solution .

v0ITRZG = Vo and 4Fr -_ 2Ff =>
3 ceci» * Alsopwriteh-p-p-zanol41TP-2Vq-r-fjh-Yfrw.KZ

( one solution OÉTKKT stvdiyrsflrhlr))



→ Mmimize xfisconvex::HfG;yt({ j ) »
y :[i- IR onrcenvex ⇒ ( zizis aghbal minimaCoçytsxttuftxy)

*KKTondziwithr-jflx.ge/R4xty=3Jgbyypyyj=x7j ,_xytu.be?-j-4tpk-x-PandnRa=fbqgK-lRYxZtyZ4andxty=z} {
""J'-2µm -1<=0
2-yt xt2↳y -µ"

* KKT onR1 : (µ,µz7Q .

xztyk-4andxty72LK.gr» -xttjhtxytllxty -3) no M'ûtj-
4)=Oandjxlxty -0--0

* Corset :p , -_qµW0 : KKT becomes :

Snxtytdao 9+26=0 ~
2-Hyper -0{2y+x+t=Ô=> {""5- % y+←µ=o}=>µ

» ⇒

{t'
→

{ Zxty=3xty =3 zytx=3
J " "( xty =3 xty -1 x-1

⇐ { JE?! ( zig , -4g ) unique * Casez :p , >qnz-oi.kk-becemes.sc= 31 solution~



2x&yt2µx=0 Aqsziscenpaetutherisatlea.TT
Zytxxzzy⇒

⇒{ y?xZ=oattyk-4aminimizerionffinsz.IT:S{
xzi-yZ-4necessarily-khep.int/qyd--tf1).Ifx--y--+-k),thenyz--z: impossible ^

x2

If x-u-yc-i.tk )/then µ , -1£ : impossible
case 3 iµ=µz=0 / thenxxy -0 : impossible

"

☒qgggT§
-

^

>
a

>"

case4-ipvoanduwojthenxty-2x4-gz.at=> "=2ax=o }y-a } y-a
Inthefirstcase : 4+4%2=0} 2-12=0 =>
µz=2,µ= -{ : impossible .

Csamemthesecendcaoe] .


