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D�e�v�o�i�r� �d�'�o�p�t�i�m�i�s�a�t�i�o�n�.
A remettre dans les casiers de vos enseignants de TD, au plus tard le mercredi 16/02.

Exercice 1.

O�n� �c�o�n�s�i�d�è�r�e �l�a� �f�o�n�c�t�i�o�n� �s�u�i�v�a�n�t�e:

f(x, y) :=


0 �s�i� (x, y) = 0
xy(x2 − y2)
x2 + y2 �s�i�n�o�n�.

1) M�o�n�t�r�e�r� �q�u�e f �e�s�t �d�i�f�f�é�r�e�n�t�i�a�b�l�e �s�u�r� R2 \ {0, 0}.

2) M�o�n�t�r�e�r� �q�u�e ∂f
∂x

(0, 0) = 0 �e�t ∂f
∂y

(0, 0) = 0. f �e�s�t-�e�l�l�e �d�e �c�l�a�s�s�e C1 �s�u�r� R2 ?

3) C�a�l�c�u�l�e�r� ∂
2f
∂x∂y

(0, 0) �e�t ∂
2f
∂y∂x

(0, 0).

Exercice 2.

O�n� �r�a�p�p�e�l�l�e �q�u�e �d�a�n�� RN , �o�n� �p�e�u�t �d�é�f�i�n�i�r� �d�e�� �o�u�v�e�r�t��:
�o�n� �d�i�r�a� �q�u�e U ⊂ RN �e�s�t �u�n� �o�u�v�e�r�t, �s�i� U �e�s�t �v�i�d�e, �o�u� �s�i� ∀x0 ∈ U , �i�l �e�x�i�s�t�e �u�n� r > 0 �t�e�l �q�u�e
BO(x0, r) := {x ∈ RN , ||x−x0|| < r} ⊂ U (�l��i�n�d�i�c�e O �e�s�t �o�t�é �q�u�a�n�d� �i�l �n�'�y �a� �p�a�� �d�e �c�o�n�f�u�s�i�o�n�).
S�i� F �e�s�t �u�n� �s�o�u��-�e�n�s�e�m�b�l�e �d�e RN �t�e�l �q�u�e cF �e�s�t �u�n� �o�u�v�e�r�t, F �e�s�t �a�p�p�e�l�é �f�e�r�m�é. S�i� F
�e�s�t �f�e�r�m�é �a�l�o�r��, ∀x ∈ RN , �s�i� ∃xn ∈ F �t�e�l �q�u�e xn → x �a�l�o�r�� x ∈ F .
S�o�i�t A ⊂ RN . O�n� �d�é�f�i�n�i�t �l��i�n�t�é�r�i�e�u�r� �e�t �l��a�d�h�é�r�e�n�c�e �d�e A �d�e �l�a� �f�a�ç�o�n� �s�u�i�v�a�n�t�e:

Å := {x0 ∈ A, ∃r > 0, BO(x0, r) ⊂ A};
�c'�e�s�t �u�n� �o�u�v�e�r�t �p�a�r� �d�é�f�i�n�i�t�i�o�n� �e�t �c'�e�s�t �l�e �p�l�u�� �g�r�a�n�d� �o�u�v�e�r�t (�é�v�e�n�t�u�e�l�l�e�m�e�n�t �v�i�d�e) �i�n�c�l�u��
�d�a�n�� A.
P�a�r� �s�y�m�é�t�r�i�e, �s�i� �l��o�n� �c�o�n�s�i�d�è�r�e B := cA �a�l�o�r�� B̊ �e�s�t �l�e �p�l�u�� �g�r�a�n�d� �o�u�v�e�r�t �i�n�c�l�u�� �d�a�n��
B. S�o�n� �c�o�m�p�l�é�m�e�n�t�a�i�r�e �e�s�t �u�n� �f�e�r�m�é, �c�o�n�t�e�n�a�n�t A �e�t �c'�e�s�t �l�e �p�l�u�� �p�e�t�i�t, �i�l �e�s�t �n�o�t�é A.
S�o�i�t K �u�n� �s�o�u��-�e�n�s�e�m�b�l�e �c�o�n�v�e�x�e �d�e RN .

1) S�o�i�t (x, y) ∈ K. S�o�i�t t ∈ [0, 1]. M�o�n�t�r�e�r� �q�u�'�i�l �e�x�i�s�t�e �d�e�u�x �s�u�i�t�e�� xn �e�t yn �d�'�é�l�é�m�e�n�t�� �d�e K
�t�e�l�� �q�u�e txn + (1− t)yn → tx+ (1− t)y.

2) E�n� �d�é�d�u�i�r�e �q�u�e K �e�s�t �c�o�n�v�e�x�e.
S�o�i�t x ∈ K̊ �e�t y ∈ K. O�n� �s�e �p�r�o�p�o�s�e �d�e �m�o�n�t�r�e�r� �q�u�e ∀t ∈]0, 1[, tx+ (1− t)y ∈ Å. N�o�t�e�r� �q�u�e
�p�o�u�r� t = 0, �i�l �n�'�y �a� �r�i�e�n� �à� �d�é�m�o�n�t�r�e�r�.



3) O�n� �p�r�e�n�d� r > 0 �t�e�l �q�u�e B(x, r) ⊂ K �e�t r∗ > 0 �q�u�e �l��o�n� �c�h�o�i�s�i�r�a� �u�l�t�é�r�i�e�u�r�e�m�e�n�t. P�o�u�r�q�u�o�i�
�e�x�i�s�t�e-�t-�i�l y∗ ∈ K ∩B(y, r∗) ?

4) M�o�n�t�r�e�r� �q�u�e �s�i� �l��o�n� �p�r�e�n�d� r∗ = tr
1− t �a�l�o�r�� tx+ (1− t)y ∈ B(tx+ (1− t)y∗, tr).

S�o�i�t X ∈ B(tx+ (1− t)y∗, tr), �m�o�n�t�r�e�r� �q�u�e X = t(Xt −
1− t
t y

∗) + (1− t)y∗.

5) M�o�n�t�r�e�r� �q�u�e Xt − 1− t
t y

∗ ∈ B(x, r). E�n� �d�é�d�u�i�r�e �q�u�e B(tx + (1 − t)y∗, tr) ⊂ K �p�u�i�� �q�u�e
tx+ (1− t)y ∈ K̊.

6) M�o�n�t�r�e�r� �q�u�e K̊ �e�s�t �c�o�n�v�e�x�e �d�é�� �q�u�e K �l��e�s�t.

7) D�o�n�n�e�r� �u�n� �e�x�e�m�p�l�e �d�'�e�n�s�e�m�b�l�e C ⊂ R2 �n�o�n� �c�o�n�v�e�x�e �t�e�l �q�u�e C̊ �e�s�t �c�o�n�v�e�x�e �e�t �u�n�
�e�n�s�e�m�b�l�e C ⊂ R �n�o�n� �c�o�n�v�e�x�e �t�e�l �q�u�e C �e�s�t �c�o�n�v�e�x�e.

Exercice 3.

P�o�u�r� �l�e�� �p�l�u�� �m�o�t�i�v�é��.
S�o�i�t K �u�n� �c�o�n�v�e�x�e �c�o�m�p�a�c�t �d�e RN . O�n� �s�u�p�p�o�s�e �q�u�e K̊ 3 0. P�o�u�r� x ∈ RN , �o�n� �d�é�f�i�n�i�t �l�e
�n�o�m�b�r�e �s�u�i�v�a�n�t:

p(x) := inf{λ > 0, x
λ
∈ K}.

O�n� �s�e �p�r�o�p�o�s�e �d�e �m�o�n�t�r�e�r� �q�u�e p �e�s�t �b�i�e�n� �d�é�f�i�n�i�e, �e�t �q�u�e �d�a�n�� �c�e�r�t�a�i�n�e�� �s�i�t�u�a�t�i�o�n�� (�i�m�p�l�i�q�u�a�n�t
�d�e�� �h�y�p�t�o�h�è�s�e�� �s�u�p�p�l�é�m�e�n�t�a�i�r�e��) �s�u�r� K , �q�u�e p �e�s�t �u�n�e �n�o�r�m�e �d�o�n�t K �e�s�t �l�a� �b�o�u�l�e �u�n�i�t�é.

1) S�o�i�t ε > 0 �t�e�l �q�u�e B(0, ε) ⊂ K. M�o�n�t�r�e�r� �q�u�e �p�o�u�r� x 6= 0 �i�l �e�x�i�s�t�e λ > 0 �t�e�l �q�u�e x
λ
∈ B(0, ε).

E�n� �d�é�d�u�i�r�e �q�u�e p(x) �e�s�t �b�i�e�n� �d�é�f�i�n�i�e.

2) O�n� �s�u�p�p�o�s�e �q�u�e p(x) = 0. M�o�n�t�r�e�r� �q�u�e x = 0.

3) S�o�i�t x �t�e�l �q�u�e p(x) < 1. O�n� �c�h�o�i�s�i�t 0 < λ < 1 �t�e�l �q�u�e x
λ
∈ K. E�x�p�l�i�q�u�e�r� �p�o�u�r�q�u�o�i� �u�n� �t�e�l

�c�h�o�i�x �e�x�i�s�t�e. M�o�n�t�r�e�r� �q�u�e x = λx
λ
∈ K̊.

4) S�o�i�t x ∈ K̊ �n�o�n� �n�u�l. M�o�n�t�r�e�r� �q�u�'�i�l �e�x�i�s�t�e 0 < λ < 1 �t�e�l �q�u�e x
λ
< 1. E�n� �d�é�d�u�i�r�e �q�u�e p(x) < 1.

5) S�o�i�t x �e�t y �d�e�u�x �é�l�é�m�e�n�t�� �d�i�s�t�i�n�c�t�� �e�t �n�o�n� �n�u�l��. S�o�i�t λ > 0 �t�e�l �q�u�e x
λ
∈ K �e�t µ > 0

�t�e�l �q�u�e yµ ∈ K. M�o�n�t�r�e�r� �q�u�e x+ y
λ+ µ ∈ K (�u�t�i�l�i�s�e�r� �l�a� �c�o�n�v�e�x�i�t�é �d�e K). E�n� �d�é�d�u�i�r�e �q�u�e

p(x+ y) ≤ p(x) + p(y).

6) M�o�n�t�r�e�r� �q�u�e ∀µ > 0, p(µx) = µp(x).

7) O�n� �s�u�p�p�o�s�e �d�e �p�l�u�� �q�u�e ∀x ∈ K , −x ∈ K. M�o�n�t�r�e�r� �q�u�e p �e�s�t �u�n�e �n�o�r�m�e �d�o�n�t K �e�s�t �l�a�
�b�o�u�l�e �u�n�i�t�é �f�e�r�m�é.

8) D�é�t�e�r�m�i�n�e�r� p �l�o�r�s�q�u�e K = {(x, y) ∈ R2, x ≤ 0, x2 + y2 ≤ 1} ∪ {(x, y) ∈ R2, 0 ≤ x ≤ 1,−1 ≤ y ≤
1}.


